We systematically investigate the multi-stability behaviour and cooling of both librational and translational modes of an optically levitated nonspherical nanoparticle. By expanding the trapping potential to the fourth order of both the translational and librational freedom degrees, we deduce the nonlinearity of them and their nonlinear coupling. Through stability analysis, we find that the system presents multi-stability when either the librational or the translational drive is red-detuned. The system will be stabilized if and only if these two drives are both blue-detuned. In the steady state region, we study the synthetic cooling scheme of translational mode by utilising librational mode. We find that matching the driving amplitude of these two modes and appropriate air pressure can optimize synthetic cooling. The synthetic cooling limit can be greatly improved, if we combine the feedback cooling with the synthetic cooling.
I. INTRODUCTION
nanoparticle's librational mode is studied. It is found that the red detuning driving can induce bistability of librational mode and single mode squeezing can be realised in blue detuning driving.
Stimulated by the previous investigations on the nonlinearity of the librational mode, here we systematically study the nonlinearity of both the librational and the translational modes of a levitated nonspherical nanoparticle, and derive the nonlinear coupling Hamiltonian between the two modes. The librational and translational modes are stable at the same time if and only if the drives on these two mode are both blue-detuning. As long as the red-detuning drive exists, the two motional modes will be bistable or multi-stable. In the steady state regime, the linearized beam-splitter Hamiltonian is derived, and the synthetic cooling of the translational mode by the librational mode is studied [36] . For this synthetic cooling process, the residual air pressure must be matching with effective coupling strength between the librational and translational modes in the effective beam-splitter like Hamiltonian. Besides, the driving amplitudes of these two modes should match each other in order to obtain the optimal sympathetic cooling ratio. Finally, the feedback cooling can improve the sympathetic cooling ratio of translational mode. This paper is organized as follows: In Section II, we theoretically investigate the effective Hamiltonian and the nonlinearity of librational and translational modes of a nonspheric nanoparticle trapped by laser beams. Consequently, in Section III, we take the stability analysis of this nonlinear system. After that in Section IV, we deduce the Beam Splitter Hamiltonian in steady state regime and present that translational mode can be cooled by librational mode. By utilising feedback cooling, we can increase synthetic cooling ratio of the translational mode. Finally in the last section we present a brief conclusion and a perspective to future studies.
II. THE EFFECTIVE HAMILTONIAN
We consider a nanoparticle that is trapped by two strongly focused laser beams that are counter propagating in horizontal direction as shown in Fig.1 . The nanoparticle has three translational modes and three librational modes in focal plane [39, 47] . Here, we consider one librational mode and one translational mode of an optically levitated ellipsoidal nanoparticle with long axis r a , short axis r b = r c and the density ρ. The potential energy of the ellipsoid in the optical tweezers is [47] : 
where V = 4πr a r 2 b /3 is the volume of the ellipsoid, c is the speed of the light, κ x,y = α x,y /( 0 V) are the effective susceptibility of the ellipsoid, 0 is the vacuum permittivity, and θ is the angle between the long axis(r a ) of the ellipsoid and the electric field of the trapping laser beam. I y (y) is the intensity of trapping laser along y-direction, I 0 is the center intensity in the focal plane, I 0 = 2P 0 πω 0 2 , P 0 and ω 0 are power and waist of the laser respectively.
The particle tend to minimize its potential energy when it is cooled down. Therefore, both the position y and the angle θ would approach to zero. Here, in order to obtain the high order effects of both the librational and translational modes, we expand potential function to the forth order of both y and θ around the equilibrium position, y = 0 and θ = 0. The potential becomes The 6th and 8th order nonlinear coefficients can be neglected. The long axis of particle, r a , is 50 nm and r b is short axis. The laser power and waist are respectively 0.1 W and 0.6 µm.
The commutations of them are [θ,p θ ] = i and [ŷ,p y ] = i . The Hamiltonian of this system H = T + U(θ, y) can be written as
where T = Iθ 2 /2, with I = 4πρr a r As shown in Fig. 2 , both the 8th order and the 6th order terms are much less than the 4th order term. Therefore, the 6th and 8th order nonlinear terms can be omitted. The Hamiltonian Eq. ( 3) can be simplified as follow,
Both librational and translational modes can be driven by lasers, whose driving amplitudes and frequencies are respectively Ω 1 , Ω 2 , ω l1 and ω l2 for both librational and translational modes [64] , the driving Hamiltonian can be described aŝ
In rotating wave frame, the Hamiltonian is transformed followingĤ
, and rotating wave approximation can be utilized for this system. Under the condition ω l1 ω l2 , the effective Hamiltonian can be written aŝ
Here we neglect the highly oscillation terms with frequency of ±2ω l1/l2 and ±4ω l1/l2 . ∆ l1/l2 = ω l1/l2 − ω θ/y t . The above Hamiltonian contains the nonlinear terms for both the librational and the translational modes, and the nonlinear coupling between them.
III. MULTI-STABILITY, BISTABILITY AND STABLE CONDITIONS
In previous section, we have deduced an effective Hamiltonian (5) for the system with high nonlinearity. The system may show bistable, even multi-stable states other than stable states through the specific drivings. We will study the stable condition through master equation method based on Hamiltonian (5) in this section. The master equation that describes the dynamics of a nanoparticle which couples with the thermal bath [65] iṡ
where
Here γ θ/y is the decay rate of librational (translational) mode, and n θ/y is the average phonon number of the librational (translational) thermal reservoir. To investigate the steady state property and the quantum fluctuation of both the librational and the translational modes, the amplitude of the librational mode β θ/y (t) is split into two terms: the average amplitude β θ/y and fluctuation δb θ/y (t). Using the master Eq.( 6), we can deduce that the motional equations for β θ and β y ∂ ∂t
Here we apply the semiclassical approximation, and neglect the terms b † θ/yb To study the steady state more precisely, we derive the equations for the steady state as follows:
whereñ θ/y = |β θ/y | 2 is the average phonon number of the librational (translational) mode and
The analytical approach to such equations is still under developed, so we study the system through numerical method. In Eq. 8, both detuning ∆ 1 and ∆ 2 influence the steady state. Different detuning could give various steady state property. For example, when ∆ 1 and ∆ 2 are larger than zero, in another word, where both drives are red detuning, the system presents multi-stability property. As shown in Fig. 3 , bothñ θ andñ y show multi-stability in some parameters region. In this example, we choose an ellipsoidal glass particle with long axis r a = 50 nm and short axis r b = 25 nm is trapped by laser, whose power P = 0.1 W and waist w = 0.6 µm, therefore, the oscillating frequency of librational mode and translational mode are respectively ω θ t = 2.34 MHz and ω y t = 24.5 kHz. The pressure of the residual air P = 10 −3 Pa and the temperature T = 300 K.
Hence the damping of librational mode and translational mode, γ θ = 137.2 Hz and γ y = 47 Hz.
The nonlinear coefficients, η θ = 0.202 Hz, η y = 0.105 mHz and η θy = 2.01 mHz. Here we suppose that the driving frequencies are fixed while the driving amplitudes are changeable. The driving frequencies are red detuning and we have taken more examples for investigations of stability in Appendix A. We find that the red detuning drive will make system present bistability even multistability. Therefore, we should find the relation between average phonon number of librational mode (translational mode) and driving frequencies in order to find the steady state region of this system under the condition of fixed driving amplitudes.
From the above example, we find that the driving frequencies determine the stability of the librational and translational modes [64] . If the driving amplitudes of both the librational and translational modes are fixed, we can tune the driving frequencies to study the stability of these modes.
In this case, we set the drive amplitudes Ω 1 = 0.5 and Ω 2 = 0.5. According to the numerical simulation of Eq. (8), the detunings ∆ 1 and ∆ 2 can affect the average phonon number of librational (n θ ) and translational (n y ) modes. As shown in Fig. 4 , if the effective detuning of the librational mode and translational mode are both less than zero, (∆ 1 < 0 and ∆ 2 < 0 ), they will both be in steady state. When ∆ 2 < 0 and ∆ 1 is arbitrary, the average phonon number of translational mode will be in steady state. For the rest cases the librational mode and translational mode will not present steady state. In conclusion, the driving frequency determines the stability of librational and translational modes. If both the librational and translational modes are simultaneously in the steady state, the conditions ∆ 1 < 0 and ∆ 2 < 0 should be satisfied.
Another steady state example for theñ θ andñ y is shown in Fig. 5 
IV. SYNTHETIC COOLING OF TRANSLATIONAL MODE
In the previous section, we discussed the multi-stability of the librational and translational modes, and found the parameter region for the steady states. As we know, the nonlinearity not only stimulates the multi-stability but also induces some novel quantum properties. Here, we discuss another nonlinearity induced phenomena, the synthetic cooling of the translational mode by the librational mode. Through the standard linearization method, we can get the linearized effective
Hamiltonian and set δb θ/y →b θ/y for simplicity, and |β θ/y | 1, the linearized Hamiltonian readŝ
y + H.C.),
It is clear that the condition
can be satisfied by adjusting the drive frequencies ω l1 and ω l2 . For convenience, ∆ eff1 = ∆ 1 − 24η θ |β θ | 2 − 4η θy (|β y | 2 + 1) and ∆ eff = ∆ 2 − 24η y |β y | 2 − 4η θy (|β θ | 2 + 1) are fixed, and ∆ eff1 − ∆ eff2 = δ.
By utilizing the rotating frame Transformation and the rotating wave approximation, Eq.(9) can be transformed into beam-splitter-like Hamiltonian
whereĤ bs1 = − δb † yby , andĤ bs2 = −4 η θy (β θ β * yb † θb y + H.C.). Based on Hamiltonian (11), the master equation of the system iṡ
is the Lindblad superoperation for x to be θ or y. n θ and n y are the average thermal phonon number of librational and translational mode reservoir, respectively. From Eq.( 12), we can adiabatically eliminated the librational mode to get the reduced master equation for the translational mode, and vise versa. Therefore, we can define two superoperators L int and L f ree .
In the weak coupling limit, we get the reduced density matrix ρ y which satisfieṡ
Therefore, we can have
By settingη = 
By solving Eq. (16) and (17), we can get the average fluctuations of the steady state phonon number for both translational and librational modes.
For simplicity, we set n y = n y and n θ = n θ . Because the translational mode and the librational mode are in the same temperature before cooling, the average excitation numbern θ of librational mode is much less than the translational mode average excitation numbern y . Therefore, the translational mode can be cooled and the librational mode is heated after synthetic cooling. The cooling ratio ξ = n y /n y could be used to qualify the cooling.
As previously mentioned, the translational mode is cooled and the cooling ratio (ξ) is determined by the decay of translational and librational mode, γ y and γ θ . These decays depend on both the residual air pressure (P) and the environment temperature T . The difference (δ) between ∆ eff1
and ∆ eff2 , is also important for cooling. The steady state phonon number of both the librational and translational mode (ñ θ andñ y ) are controlled by the driving amplitudes (Ω 1 and Ω 2 ). Therefore, we should consider the effect of the driving amplitudes for cooling. At first, we fix the driving amplitude (Ω 1 = 0.1 and Ω 2 = 0.1) and the environment temperature (T = 300 K). The cooling ratio ξ is only determined by residual air pressure(P) and δ, as shown like Fig. 6 . The numerical solution presents that the higher vacuum is better for cooling. Nevertheless, when the residual air pressure is higher than 10 −5 Pa, the cooling ratio is saturated. The optimal cooling takes place when the effective detuning ∆ eff1 and ∆ eff2 match each other perfectly.
Driving amplitudes, Ω 1 and Ω 2 , can affect the steady phonon numberñ θ andñ y , the driving amplitudes also affect the cooling ratio ξ. Taking Fig. 7 (a) for and example, when the driving amplitude of librational mode is fixed, the increment of Ω 2 is good for cooling. Ω 1 also plays part in this process. When Ω 1 is small, although increment Ω 2 is good for cooling, the cooling ratio will reach limit and trend to constant when Ω 2 is larger than 0.01, for example Ω 1 = 0.05 in Fig. 7(a) .
Similar phenomenon also happens when Ω 1 is changing for fixed Ω 2 , for example Ω 2 = 0.01 in 
The relatiob between the cooling ratio of the translatioanl mode and the drive amplitudes. Ω 1 is fixed in (a)) and Ω 2 is fixed in (b). The residual air pressure P is 10 µPa and temperature T is 300 K. The size of particle and trapping laser is the same with Fig. 6 . Fig. 7(b) . Therefore, the driving amplitude of these two mode should cooperate for cooling. When the driving amplitude increases, the cooling ratio will gradually saturates shown as the dashed and doted dashed lines in Fig. 7 . When Ω 1 or Ω 2 are fixed and optimized for cooling, the increment of Ω 2 or Ω 1 cannot remarkably strengthen cooling effect. Fig. 7 shows that the cooling ratio is ξ = 0.57.
In order to get higher cooling effect, the feedback cooling can be used. When the cooling ratio of the translational mode saturates, the feedback cooling scheme can improve the cooling ratio further. The fluctuation of steady state phonon number of translational mode after feedback cooling reads
where n y is the fluctuation of steady state phonon number of the translational mode under the feedback cooling andñ θ/y is the steady state phonon number of librational mode or translational mode. In this scheme, the residual air pressure P and environment (T ) are fixed, the decays of librational and translational mode do not change. By increasing the feedback strength, the synthetic cooling ratio can be promoted further for the fixed driving amplitudes. Meanwhile, because driving amplitudes directly affect the steady state average phonon numbers,ñ θ andñ y , the synthetic cooling ratio is also determined by driving amplitudes of the translational and librational modes. For depicting more clearly, the decay caused by feedback γ fb can be in units of γ θ .
As shown in Fig. 7 , the synthetic cooling of translational mode will saturate when the driving amplitudes increase. The feedback cooling scheme can break through the saturation of synthetic cooling and promote the cooling ratio in Fig. 8 . Because driving amplitudes is also an important aspect for the synthetic cooling of translational mode, Ω 1 and Ω 2 will affect the cooling ratio.
When Ω 1 and Ω 2 do not match each other, the synthetic cooling ratio will not be significantly promoted and even the translational mode will be heated with the increment of feedback strength.
For example, the red-dashed line in Fig. 8 . And when the driving amplitudes match each other, the synthetic cooling ratio can be significantly improved and even reaches one percent of the ambient temperature shown as blue line in Fig. 8 . In a word, feedback cooling can effectively improve the synthetic cooling ratio when driving amplitudes match each other or else feedback cooling will heat the translational mode.
V. DISCUSSION AND CONCLUSION
In the last section, the beam-splitter Hamiltonian was obtained by adjusting the driving frequency for the cooling of translational mode. And when
+ ϕ with constant ϕ, the linearised Hamiltonian Eq. (9) can be transformed to the two-modes squeezing Hamiltonian as follow:
In this way, the two-mode squeezing between the librational and the translational modes can also be generated, similarly as the Ref. [66] [67] [68] .
In this paper we systematically studied the coupling nonlinearity between librational mode and translational mode of an optically levitated ellipsoidal nanoparticle. The coupling of librational mode and translational mode is small, but it should not be neglected when proper driving is applied.
For coupling the Hamiltonian of these two motive modes, the stable-state analysis shows the driven librational mode and translational mode could have coupling bistability and one red-detuning drive of any mode could also stimulate the bistablity of other mode. In order to stabilize the system, the drives on the librational and the translational modes should be both blue-detuned. In Sec. III, the red-detuning drive induces the bistability and multi-stability of this coupling system of librational mode and translational mode. Fig. 3 gives us an example of the multistability for librational mode and translational mode when the driving frequencies are red-detuned.
To show this property more clearly, the multi-stability of n θ and n y about Ω 1 are shown as Fig. 9 when Ω 2 = 0.025 and Ω 1 ≤ 0.15.
At the same time, if we choose Ω 1 = 0.02, the multi-stability ofñ θ andñ y about Ω 2 is shown in under red detuning about ω l1 and ω l2 . Other parameters are the same to those in Fig.3 .
When the effective driving detunings ∆ 1 ≤ 0 and ∆ 2 ≥ 0,ñ θ andñ y will have bistability, as shown in Fig. 11 . Similarly, when ∆ 1 ≥ 0 and ∆ 2 ≤ 0,ñ θ andñ y will present bistability as shown in Fig. 12 . However, in some parameter region of these two case,ñ θ andñ y have steady state
property, for example, Ω 2 ≥ 0.05 in Fig. 11 and Ω 1 ≥ 0.08 in Fig. 12 , the average phonon number n θ andñ y have steady state property, it is useful for quantum measurement, quantum manipulation and so on.
